Abstract. Mikeska has shown that the excitations of a one-dimensional chain of ferromagnetically coupled spins with easy-plane anisotropy approximately satisfy the sineGordon equation when a weak magnetic field is applied in the easy plane. We rederive the equations of motion which describe the excitations, establishing the approximations involved. We find that corrections to the sine-Gordon equation arise from the discreteness of the physical spin chain and from the kinematics of the anisotropic spins. Both of these types of correction result in finite-field renormalisations of the magnetic soliton energy and form factors relevant to neutron scattering. Although these renormalisations are small in CsNiF, for slowly-moving solitons and fields of a few kilogauss, they are markedly enhanced for fastmoving solitons. This leads to a breakdown of the Lorentz covariance present in the pure sine-Gordon approximation and we therefore caution against naive use of a simple, relativistic-Boltzmann-gas phenomenology for interpretation of neutron scattering experiments at temperatures so high ( 2 10 K) that significant numbers of fast-moving solitons are present.
Introduction
Recently Mikeska (1978) has suggested that one-dimensional ferromagnetic chains with easy-plane anisotropy should support soliton-like elementary excitations when subjected to a transverse magnetic field. In particular, he showed that when the angle between the direction of the spins and the magnetic field is treated as a classical continuum field it approximately satisfies the sine-Gordon (SG) equation. The soliton solutions of the SG equation correspond in this system to 'twists' in the spin configuration by 2n over a localised region of a few lattice constants. Mikeska suggested that thermally activated solitons should be seen in inelastic neutron scattering experiments and Kjems and Steiner (1978) have subsequently performed such experiments to measure the spectral density of magnetic excitations in CsNiF,, a quasi-one-dimensional system (Steiner et a1 1976) of the type considered by Mikeska. In addition to spin-wave absorption and emission peaks, Kjems and Steiner found a central peak which they interpreted as due to quasi-elastic scattering from the thermally activated solitons predicted by Mikeska. Subsequent investigations have, however, called into question the use of Mikeska's simple picture of a non-relativistic soliton gas to interpret the neutron scattering data. One question involves the importance of breather excitations (Stoll et a1 1979) in the scattering experiments. Unfortunately, this question cannot be seriously addressed until the thermal density of breathers can be calculated theoretically, a problem as yet unsolved (Currie et a1 1980) . Another point which has been raised ( h u n g and Huber 1979 , Steiner 1979 ) is that the non-relativistic Mikeska theory should not be used at temperatures (2 10 K) where significant numbers of fast-moving solitons are expected: rather one should expect a relativistic SG soliton-gas phenomenology to provide a more accurate description. Indeed, it has been proposed (Steiner 1979 ) that relativistic corrections may account for the discrepancy uncovered between the theoretical soliton rest energy of 34 K and the 69 K value deduced from a fit of the integrated scattering intensity (Kakurai et a1 1979) to the non-relativistic Mikeska theory.
The calculations which we present in this paper have bearing on this latter question, since we find that finite-field corrections to the SG approximation itself can produce significant renormalisations of the energy of fast-moving solitons. These corrections break the Lorentz covariance present in the pure SG theory and therefore lead us to caution against naive use of a simple, relativistic-Boltzmann-gas phenomenology for interpretation of neutron scattering experiments at temperatures so high (2 10 K) that significant numbers of fast-moving (modified) solitons are expected to be present.
The corrections to the SG equation of motion arise from two sources. The first of these is common to many applications in condensed matter, namely, the influence of the discreteness of the lattice. A qualitative measure of the importance of discreteness is the ratio of the lattice constant to the characteristic width of the soliton solution to the unperturbed SG equation. The soliton width varies as the inverse square root of the applied magnetic field (see Q 2 below) and for typical fields of interest (-5 kG) is a few lattice constants. As we shall see in Q 3 below, the first-order discreteness corrections are proportional to the square of the above ratio and hence to the first power of the magnetic field. As the field is increased the soliton width shrinks and hence the finite lattice spacing is felt more strongly. Although the discreteness correction found in Q 4 to the soliton rest energy is quite small for a 5 kG field applied to CsNiF,, the kinetic energy of a fast-moving soliton can be affected quite severely by the discreteness correction, as a result of the Lorentz contraction of the soliton width.
The second type of correction to the SG equation is more peculiar to the magnetic system in question, since it arises from higher-order terms involving the second degree of freedom: tipping of the spins out of the easy plane. This tipping angle plays the role (Villain 1973 ) of a momentum conjugate to the angle of deviation (within the easy plane) from the field direction and for small tipping is proportional to the time-derivative of the SG field. For the tipping to be small it is therefore necessary to have only slow variations of the SG field with time. For a fast moving soliton, however, this is not the case and the resulting larger tipping angle manifests itself as higher-order derivative terms in the equation of motion, all multiplied by the ratio of the applied field to the crystal-field anisotropy parameter. The appearance of this ratio can be understood physically as reflecting the tendency of the spins, if forced to rotate by a soliton, to tip out of the easy plane somewhat to minimise the cost in Zeeman energy. Although this 'kinematic' correction vanishes for a static soliton. it can become quite large for a fast-moving soliton even though the applied field may be weak.
In $ 2 below, we rederive Mikeska's sine-Gordon equation, starting from the full, discrete-lattice equations of motion and establishing the approximations involved.
A brief review of the single-soliton solution is given before we proceed in 9: 3 to a calculation of the discreteness and kinematic corrections to a moving soliton. This calculation is carried out to first order in a perturbation theory developed by Fogel er al (1976, 1977) , and we find that the soliton experiences a velocity-dependent change in its shape (over and above the Lorentz contraction) but experiences no damping to first order. The expansion parameters in the perturbation theory diverge as the soliton velocity approaches its limiting velocity and while this of course indicates the need to carry the perturbation theory to higher order to obtain precise renormalisations of fast-moving solitons, we can surmise from the form of the first-order results that these finite-field corrections are strongly enhanced at high velocity. Thus, the use of a relativistic gas of pure SG solitons to interpret high-temperature experiments on CsNiF, is not justified. Our first-order results are valid for slowly-moving solitons, however, and in $ 4 we present the resulting modifications of the soliton energy and form-factors (Steiner 1979) for use in a low-temperature phenomenology. In $ 5 we summarise our results and conclusions.
Equations of motion and the sine-Gordon approximation
The model Hamiltonian studied by Mikeska has the form
where the first term represents the ferromagnetic ( J > 0) Heisenberg exchange interaction between neighbouring spins on a chain of Ni atoms, the second term represents the influence of crystalline anisotropy (D is the same as Mikeska's A parameter), and the last term represents the Zeeman energy of the spins in a magnetic field perpendicular (H = H x a ) to the chain axis (2). Following Villain (1973) and Mikeska (1978) , the spins are treated classically as having fixed length S and orientations parameterised by the spherical polar angles Bi and 'pi:
Thus, Oi is the angle between the ith spin and the chain axis while 'pi is the angle between the ith spin and the magnetic field. In these coordinates the Hamiltonian becomes
The equations of motion are obtained from those pertaining to Heisenberg spins by substituting the classical parameterisation in terms of the 0 and cp variables. From this one finds, as in the work by Villain, the equations 
We now proceed to derive Mikeska's SG equation from these equations, at the same time keeping the first-order correction terms which will be of interest in the next section.
When gpBHX e DS, spin-tipping out of the easy plane is disfavoured and Oi remains close to 71/2, unless 'pi varies rapidly with time. We thus define 6, E r , 2 -0. (2.5) and rewrite equations (2.4) as j i = -gpBHX sin., + 2JS[c0s6~+, and bi = gpBH" tan Ji cos vi + 2DS sin 6, + 2JS{tan 6,[cos hi+ COS(^^+^ -q,)
Taking the time derivative of equation (2.6b) yields an equation for Gi involving first time derivatives of the angles, for which we can substitute equations (2.60) and (2.6b). We then treat 6, as small, keeping terms of order 6; and using the lowest-order relation (from (2.6b)) 6, (1/2DS) 'pi.
(2.7)
In addition, we make use of the continuum approximation to Taylor-expand the angles at sites i -1 and i + 1 about their values at site i. For example, letting z = ia and
where z denotes distance along the chain (a = lattice constant), we write
f -a3T
In terms of the dimensionless distance
where (2.9) and in this form it is easy to see that < provides a measure of the width of a soliton at rest (U = 0). The terms proportional to (a/<)2 in equation (2.12) represent the first-order corrections to the SG equation due to the discreteness of the lattice while the terms proportional to @pBHx/2DS) arise from higher-order spin-tipping out of the easy plane. Since this only occurs if q is time dependent, and thus only when the soliton is moving, we term these 'kinematic' corrections. From equation (2.10) we see that (a/()' is proportional to the magnetic field and hence both types of corrections vary linearly with the applied field to first order. In the next section, we treat (a/<)' and (gpBH"/2DS) as small parameters in a perturbation calculation of the change in soliton shape due to these corrections.
Soliton shape corrections
In this section, we use a simple perturbation theory (Fogel et al 1976 (Fogel et al , 1977 to calculate the influence of the correction terms in equation (2.12) on the waveform of a soliton moving with velocity U . As we shall see, the first-order theory breaks down for c approaching co and this has important implications for interpretation of experiments.
To proceed, we assume a solution to equation (2.12) of the form 
we find
where f refers to solitons (+) or antisolitons (-).
We seek a solution which is static in this frame, corresponding to a shape change of the soliton. To this end, we set a2$/af2 = 0 and expand $(X) in the complete set of functionsf(X) (Fogel et a1 1976 (Fogel et a1 , 1977 satisfying the eigenvalue equation Thus, we write,
where the expansion coefficients {$b, i,hK} are to be determined. Substitution of (3.8) into (3.5) and use of (3.6) together with the orthonormality relations (Fogel et a1 1976 (Fogel et a1 , 1977 satisfied by&@) and U,(%)}, we find
where h(X) is defined as the right-hand side of equation (3.5). Since Qi = 0 andfb(X) is an even function of X, equation (3.9~) is satisfied identically, and $b is undertermined. This is as it should be, since $, is the amplitude of the 'translation mode' of the soliton (Fogel et a1 1976 (Fogel et a1 , 1977 . Since the perturbations contain no inhomogeneities, the soliton velocity is unaffected to first order. The amplitudes {tjK}, on the other hand, represent the permanent 'cloud of spin waves which accompanies the soliton, giving an alteration of its shape (Fogel et al 1976 (Fogel et al , 1977 . Setting t/jb = 0 and using equation (3.9b) in (3.8), we have $(X) = j+= dlc$fh(X) = j -a q A ( S ) j " dXr(X') h(X'). 0.090, respectively. The soliton exhibits a velocity-dependent shape change, over and above the pure Lorentz contraction, which of course does not appear in the rest frame. This velocity dependence is a consequence of the non-covariance of the perturbed equation of motion (3.5). At zero velocity the shape change is due to the discreteness corrections alone, and is only about 0.6% at the largest deviation. Thus the /l = 0.00 curve in figure 1 is very close to the pure sine-Gordon soliton waveform. As the velocity is increased from zero, however, the kinematic corrections become important, as does the velocity dependence of the discreteness corrections. That the discreteness effect should be enhanced (by a factor of y4) at high velocities follows from the Lorentz contraction in the 'lab frame' attached to the crystal. = 0.60 in figure 1 shows that the shape change in the rest frame is still relatively mild, but as the velocity is increased further, the perturbations grow dramatically as can be seen in the /? = 0.85 curve. Obviously, this curve is not intended to be an accurate waveform, since our first-order perturbation theory breaks down long before such large perturbations are reached. We show this curve only to emphasise that the solitons do not retain the pure sine-Gordon form for large /?. Our first-order theory is valid for small /l, however, and in the next section we consider the influence of these perturbations on the soliton energy and form factors, quantities of relevance for the interpretation of neutron scattering experiments.
The curve for
Perturbed soliton energy and form factors
Starting from the full Hamiltonian (2.3), it is a straightforward (but tedious) task to derive the following approximate form, valid to first-order in the discreteness and kinematic corrections and measured with respect to the ground state energy:
where EJO) is the rest energy of the unperturbed soliton,
To obtain the energy of a perturbed soliton moving with velocity p, we substitute The curves labelled by .Es (no tilda) are pure sine-Gordon soliton energies, while curves labelled by contain the non-covariant corrections in first-order perturbation theory. These perturbed energies should not be regarded as accurate at high values of where the perturbation theory breaks down, as is obvious from the magnitude of the deviations shown.
For the three magnetic field values of 1, 5 and 10 kG, we plot the perturbed soliton energy E,(/?) versus /? in figure 2, along with the unperturbed energy E@) = E,(O) (1 -for comparison. Although Es(/?) is slightly less than Es@) for /? 6 1, due to the downward discreteness correction to the rest energy, the velocity dependent corrections rapidly wash out this effect and lead to an increase in the soliton energy. For H" = 5 kG the percentage increase is about 8 % for /? = $, a value which is tolerable in our first-order treatment. However, the corrections increase rapidly for higher velocities, invalidating the perturbation theory in the high-/? regime. In order to justify the use of equation (4.3) for the perturbed soliton energy in interpretations of neutron scattering data at 5 kG, the temperatue must therefore be low enough to ensure that only a small percentage of solitons have p 2 0.5.
The perturbation, $, of the soliton also gives rise to a modification of the form factors, fii'(q, o) and fil(q, w), which enter the phenomenological dynamic structure factor S ( q , o ) for an ideal gas of solitons (Steiner 1979) . These quantities are simply the Fourier transforms of the deviation of the magnetisation from its uniform value due to a soliton, evaluated at t = 0 with U = w/q:
where the superscripts // and _L refer to spin components in the easy plane which are parallel and perpendicular, respectively, to the applied field. In terms of the rest-frame variable 2 = yz/<(r = 0), these expressions may be written as ( 4 . 5~) Cunes extending to the cut-off frequency, cot = coq, are appropriate to the unperturbed soliton, while the truncated curves include the non-covariant corrections to first order.
In figure 3 we plot the squared moduli of these form factors, (@ii12 and /fiLI2, as well as their sum, Ia12, as a function of o/oC for q = 0.1 X / U and H" = 5 kG, where w c coq. Also included for comparison are plots of the corresponding quantities (without tildas) for the pure sine-Gordon soliton obtained by setting a ' ' and a'-equal to unity (i.e., Ad = j., = 0). The curves giving the perturbed values have been truncated since the deviations from the pure SG curves becomes too large for @ 0.7 to rely on the first-order results.
Summary and discussion
In this paper we have employed the perturbation theory developed by Fogel et a1 (1976, 1977) to study corrections to the sine-Gordon soliton in CsNiF, arising from the influence of lattice discreteness and higher-order spin-tipping out of the easy plane.
Although the corrections to a slowly moving soliton are quite small for the Zeeman fields applied in typical experiments, the first-order corrections become strongly enhanced for fast-moving solitons. The perturbation theory is therefore invalid for fast-moving solitons and the results of $ 4 for the energy and form factors can only be used for slow-moving solitons. The non-covariance of the corrections to the sine-Gordon equation of motion, together with the velocity enhancement found in the first-order theory, lead us to caution against the use of a pure, sine-Gordon soliton-gas phenomenology for interpretation of neutron scattering experiments at temperatures where significant numbers of fast-moving solitons are expected to be present. This is not to say that the total exact solution for a fast-moving excitation is necessarily a gross departure from the SG soliton. Rather, we do not yet know the features of such a solution and the use of pure SG theory, therefore, is not justified at high temperatures, and must be regarded as suspect.
